Abstract. In this paper, we consider the problem of existence and uniqueness of solutions to the Einstein field equations for an arbitrary FLRW universe in the context of stochastic eternal inflation where the stochastic mechanism is modelled by adding a stochastic forcing term representing Gaussian white noise to the Klein-Gordon equation. We show that under these considerations, the Klein-Gordon equation actually becomes a stochastic differential equation. Therefore, the existence and uniqueness of solutions to Einsteins equations depend on whether the coefficients of this stochastic differential equation obey global Lipschitz continuity and growth conditions. We show that for any choice of V (φ), the Einstein field equations are not well-posed, hence, any solution found to these equations is not guaranteed to be unique. We then consider the case of slow-roll inflation and show that for any power-law potential, the EFE for a flat FLRW universe are also not well-posed, hence, do not yield unique solutions. We perform Feller's explosion test on the latter case for a chaotic inflation potential and proved that all solutions to the EFE explode in a finite time with probability one. This implies that stochastic inflation cannot be described to be eternal, since the very concept of eternal inflation implies that the process continues indefinitely. We therefore argue that stochastic inflation would not produce an infinite number of universes in some multiverse ensemble. In general, since the Einstein field equations in both situations are not well-posed, we conclude that the existence of a multiverse via stochastic eternal inflation is still very much an open question that will require much deeper investigation.
Introduction
In this paper, we consider the problem of existence and uniqueness of solutions to the Einstein field equations for an arbitrary Friedmann-Lemaître-Robertson-Walker (FLRW) universe in the context of stochastic eternal inflation. Stochastic eternal inflation has received a considerable amount of attention over the past few years as it is one of main motivations behind the multiverse [EMM12] . In particular, Mijić [Mij90] analyzed the boundary conditions of the dynamics of inflation as a relaxation random process and gave a simple proof for the existence of eternal inflation. Salopek and Bond [SB91] studied nonlinear effects of the metric and scalar fields in the context of stochastic inflation. Linde, Linde, and Mezhlumian [LLM94] considered chaotic inflation in theories with effective potentials that behave either as φ n or as e αφ . They also performed computer simulations of stochastic processes in the inflationary universe. Linde and Linde [LL94] investigated the global structure of an inflationary universe both by analytical methods and by computer simulations of stochastic processes in the early universe. Susperregi and Mazumdar [SM98] considered an exponential inflation potential and showed that this theory predicts a uniform distribution for the Planck mass at the end of inflation, for the entire ensemble of universes that undergo stochastic inflation. Vanchurin, Vilenkin, and Winitzki [VVW00] investigated methods of inflationary cosmology based on the Fokker-Planck equation of stochastic inflation and direct simulation of inflationary spacetime. Winitzki [Win02] explored the fractal geometry of spacetime that results from stochastic eternal inflation. Kunze [Kun04] considered chaotic inflation on the brane in the context of stochastic inflation. Winitzki [Win05] described some issues regarding the time-parameterization dependence in stochastic descriptions of eternal inflation. Gratton and Turok [GT05] investigated a simple model of λφ 4 inflation with the goal of analyzing the continuous revitalization of the inflationary process in some regions. Li and Wang [LW07] used a stochastic approach to investigate a measure for slow-roll eternal inflation. Tomàs Gàlvez Ghersi, Geshnizjani, Piazza, and Shandera [Tom11] used stochastic eternal inflation to analyze the connection between the Einstein equations and the thermodynamic equations. Qiu and Saridakis [QS12] used stochastic quantum fluctuations through a phenomenological, Langevin analysis studying whether they can affect entropic inflation eternality. Harlow, Shenker, Stanford, and Susskind [HSSS12] described a discrete stochastic model of eternal inflation that shares many of the most important features of the corresponding continuum theory. Vanchurin [Van12] developed a dynamical systems approach to model inflation dynamics. Feng, Li, and Saridakis [FLS10] investigated conditions under which phantom inflation is prevented from being eternal.
In this paper, we consider the effects of adding a stochastic forcing term in the form of Gaussian white noise to the right-hand-side of the Klein-Gordon equation as is done in [GT05] . We show that because of this stochastic term is not differentiable at any point, the existence and uniqueness of Einstein's equations depends on the global Lipschitz continuity of the coefficients of the corresponding stochastic differential equation.
Description of the Model
We consider a spatially homogeneous and isotropic universe described by the FLRW metric [EMM12] as
where K denotes the sign of the curvature of the particular FLRW model under consideration. Namely, K = −1 refers to hyperbolic FLRW models, K = 0 refers to flat FLRW models, and K = +1 refers to positively curved FLRW models. We assume that energy-momentum tensor is that of a scalar field and has the form
The Einstein field equations that also describe the dynamics of the model are given by the Raychaudhuri and Friedmann equations [EMM12] ,
where H is the Hubble parameter, and (3) R is the three-dimensional Ricci scalar, which is constant for the FLRW models.
The contracted Bianchi identities give an evolution equation for the scalar field, φ, which in this case is precisely the Klein-Gordon equation [EMM12] ,
Together Eqs. (4), (5), and (6) fully describe the dynamics of the cosmological model described by Eqs.
(1) and (3).
A Model of Stochastic Eternal Inflation
Following [EMM12] , we note that the classical dynamics of the inflation dictates that the inflation always rolls down its potential. However, quantum fluctuations can also drive the inflation uphill, which causes inflation to last longer in some regions, which, in turn, enlarges the volume of the region. In some regions, the inflation will remain high enough up the potential hill to maintain acceleration. This is a stochastic scenario that is typically described as eternal inflation which is one of the main motivating ideas behind the multiverse concept. We will model this stochastic behaviour following [GT05] and [LLM94] where a stochastic forcing term representing Gaussian white noise is added to the right-hand-side of Eq. (6). Denoting this term by H 5/2 η(t) [GT05] , we find that the dynamical equations (4) and (6) can be written as coupled first-order ordinary differential equations in the form:
where Eq. (10) is the generalized Friedmann equation and acts as a constraint on the initial conditions. Analyzing the system (7)-(9), we see that the right hand side of Eq. (9) is not C 1 because the stochastic function η(t) is not anywhere differentiable. To make this point more precise, we describe some properties of the stochastic function η(t). Following [Lon10] ,we note that η(t) is defined as the time derivative of the Wiener process, which we denote by W , that is,
where W (0) = 0 by definition. As noted in [GT05] , η(t) also satisfies the autocorrelation relation
One has to be careful with the definition of η(t) as given in Eq. (11) since W is nowhere differentiable. In fact, for completeness, following [Wie03] we now state some properties of W based on the so-called Lévy characterization:
(1) The path of W is continuous and starts at 0, (2) W is a martingale and [dW (t)] 2 = dt, (3) The increment of W over time period [s, t] is normally distributed, with mean 0 and variance (t − s), (4) The increments of W over non-overlapping time periods are independent. Note that, we will not go into extensive detail about martingales. The interested reader is asked to consult [Wie03] for more details on martingales and their properties. Based on the arguments provided in [Wie03] , we will now show that W is not anywhere differentiable, that is, not C 1 anywhere. Consider a time interval of length ∆t = 1/n starting at t. We will define the rate of change over an infinitesimal time interval [t, t + ∆t] is
Therefore, X n is normally distributed with expectation value 0, variance n, and of course, standard deviation, √ n. It is clear then that X n has the same probability distribution as √ nZ, where Z is the standard normal distribution. To analyze the C 1 properties, we must see what happens to X n as ∆t → 0, in other words as n → ∞. For any k > 0, let
Clearly, as n → ∞, k/ √ n → 0, so we have that
The point is that we can choose k to be arbitrarily large, so that the rate of change at time t is not finite, and therefore, W is not differentiable at t. Since t is arbitrary, one concludes that W is nowhere differentiable. However, even though W is not C 1 one cannot apply the standard existence and uniqueness theorem for dynamical systems [SHD03] as stated above to the system (7)-(10), since η(t) is not Riemann integrable. One must use the existence and uniqueness properties of stochastic differential equations to determine whether a unique solution exists for (7)-(10). Using Eq. (11), we re-write the system (7)-(10) in stochastic form as:
Note that Eq. (18) has the form of a typical stochastic differential equation, with drift coefficient given by
and standard deviation coefficient
Existence and Uniqueness of The Einstein Field Equations
With the framework of stochastic dynamics established in the previous section, we now state the existence and uniqueness theorem for stochastic differential equations. For a stochastic differential equation of the form (22) dX(t) = αdt + βdW (t), a unique solution exists iff α and β satisfy global Lipschitz and growth conditions [KS91] . That is, one can find an L ∈ R such that . This is in general difficult to show, since the potential function V (φ) is arbitrarily specified. However, to show that uniqueness and existence breaks down for Eqs. (7)-(10), it is enough to show that β is not globally Lipschitz continuous, which is what we do now.
Consider β = H 5/2 and defineβ =H 5/2 . For β to be globally Lipschitz continuous, if must satisfy Eq. (24). That is, we must find an L ∈ R such that
Let us chooseH = 0, and H > 0, then the above inequality becomes
which implies that
Clearly there is no L ∈ R that can be an upper bound for this inequality, since one can always choose H to be very large. Indeed, as H → +∞, the inequality no longer holds. Therefore, β = H 5/2 is not globally Lipschitz continuous, and we state the following result: For any choice of V (φ), the Einstein field equations as given by Eqs. (7)-(10) are not well-posed, and any solution found to these equations is not guaranteed to be unique.
A Slow-Roll Scenario for a Flat FLRW Universe
In light of the aforementioned results, we now analyze whether existence and uniqueness is violated in the typical slow-roll inflation scenarios. For simplicity, we consider a flat FLRW universe, so that (3) R = 0 in Eq. (19). The slow-roll approximation implies that one neglects theφ term in Eq. (6), and theφ 2 terms in the other equations above, yielding the set of equations:
where in this form, it is required that H = 0. In fact, substituting Eq. (32) into Eq. (31), we see that this equation decouples from this dynamical system, and the dynamics of the slow-roll model are described by
As an aside, one may ask why we did not simply use the Friedmann equation as described in Eq. (19) to decouple Eq. (18) by solving for H in the former and substituting in the latter. This is obviously possible, but, our goal is to demonstrate existence and uniqueness (or lack thereof), rather than solving the equations. The conclusion reached above would be unchanged, since one would be require to show that instead of H 5/2 not being Lipschitz continuous, that
is not globally Lipschitz continuous, which upon applying Eq. (24) is readily confirmed. Our choice above, therefore, was a choice based on convenience and clarity for the reader. Going back to Eq. (33), using Eq. (11), we write it in the following stochastic form
dW, which we can write as
dW.
Clearly, the existence and uniqueness of this equation, and hence, the Einstein field equations depends on the choice of potential function. In fact, it is useful to look at some typical potentials that are commonly used in inflation theory. One can have large-field models [EMM12] , which have chaotic inflation has a key example,
where V n is a constant. One also has small-field models [EMM12] ,
where µ is a mass scale. In addition, one can typically also have hybrid models [EMM12] ,
We will therefore consider a general power-law potential of the form
Substituting Eqs. (40) and (41) into Eq. (36), one obtains
3 7/4 dW.
From the Lipschitz continuity condition in Eq. (24), we see that the coefficient of dW in Eq. (42) is not globally Lipschitz continuous, and therefore we arrive at the following result: For any power-law potential in the form of Eq. (40), the Einstein field equations for a flat FLRW universe are not well-posted, and hence, do not yield unique solutions.
As an interesting application, we now show that for simple chaotic inflation potentials, where m = 2 in Eqs. (40) and (41) all solutions of Eq. (42), and hence solutions of Einstein's field equations explode in finite time with probability one. That is, solutions rapidly diverge to infinity in finite time with probability one. To demonstrate this, we use what is known as Feller's explosion test [KS91] [LPVM14], which says: Suppose that for the stochastic differential equation
one has α, β such that α, β : (l, r) → R, with −∞ ≤ l < r ≤ ∞, are continuous functions and β 2 > 0 ∈ (l, r). Then, the explosion time τ of the solution X of this stochastic differential equation is finite with probability one if and only if one of the following conditions holds:
(1) v(r) < ∞ and v(l) < ∞, (2) v(r) < ∞ and p(l) = −∞, or (3) v(l) < ∞ and p(r) = ∞, where
where ζ ∈ (l, r) is a constant. We see from Eq. (42) that
3 7/4 .
Setting a = 1 for simplicity, and m = 2, we obtain
Based on these, we choose l = 0 and r = ∞, and choose ζ = 1. Evaluating Eq. (44), we obtain
where Φ(n, z) is the exponential integral function defined as It can be verified by numerical integration that for y > 0, (52)
Therefore,
Evaluating v(0) from Eq. (53), we obtain by numerical integration that
Therefore we have that p(∞) = ∞ and v(0) < ∞, which corresponds to case 3 above. We therefore conclude by Feller's explosion test that all solutions to Eq. (42), and hence to Einstein's field equations for a simple chaotic inflation potential explode in finite time with probability one in the slow-roll scenario. Note that Feller's explosion test does not tell you when the explosion time will occur, it simply says that solutions will explode in a finite time with probability one. This implies that solutions to Eq. (42) are well behaved for all t < τ . This implies that stochastic inflation cannot be described in a mathematical sense to be eternal, since the very concept of eternal inflation implies that the process described by Eq. (42) continues indefinitely. This calculation shows that this cannot be the case. Therefore, in the context of this argument, stochastic inflation would not produce an infinite number of universes in some multiverse ensemble. In addition, if solutions to Einstein's field equations all rapidly diverge within a finite time with unitary probability, then numerical integration schemes that are typically used to generate multiverse fractal patterns would not be reliable. As demonstrated above, this is largely due to the fact that the coefficients of the stochastic differential equation are not globally Lipschitz continuous. We conjecture that this would be the conclusion reached if one considered other potential functions, but, it is difficult to prove this in a general sense, since Feller's test in this context must almost always be evaluated numerically. However, we stress again that there is a very strong link between globally Lipschitz continuous coefficients of the governing stochastic differential equations and solutions exploding to infinity via Feller's test.
Conclusions
In this paper, we considered the problem of existence and uniqueness of solutions to the Einstein field equations for an arbitrary FLRW universe in the context of stochastic eternal inflation where the stochastic mechanism is modelled by adding a stochastic forcing term representing Gaussian white noise to the Klein-Gordon equation. We showed that for any choice of V (φ), the Einstein field equations as given by Eqs. (7)-(10) are not well-posed, and any solution found to these equations is not guaranteed to be unique. We then considered the case of slow-roll inflation for an arbitrary power-law potential, and discovered that for any power-law potential in the form of Eq. (40), the Einstein field equations for a flat FLRW universe are not well-posed, hence, do not yield unique solutions. As an example, we performed Feller's explosion test on the latter case in the case of a simple chaotic inflation potential with m = 2, and proved that all solutions to the Einstein field equations explode in a finite time with probability one. This can be quite significant because if solutions to Einstein's field equations all rapidly diverge within a finite time with unitary probability, then numerical integration schemes that are typically used to generate multiverse fractal patterns for example would not be reliable. In the context of this calculation, we discussed why stochastic inflation would not produce an infinite number of universes in some multiverse ensemble. In general, since the Einstein field equations in both situations are not well-posed, we conclude that the existence of multiverse via stochastic eternal inflation is still very much an open question that will require much deeper investigation.
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